such that ∂ j X k = 0 if j = k and ∂ j X j = 1 ⊗ 1. The ⊗ here is over K and K n ⊗ K n is given the bimodule structure such that a(b ⊗ c) = ab ⊗ c, (b ⊗ c)d = b ⊗ cd. The partial cyclic derivatives are then
We shall denote by N : K n → K n the "number operator", i.e. the linear map so that N1 = 0, NX i 1 . . . X i k = kX i 1 . . . X i k . Also, CK n will denote the cyclic subspace, i.e. the vector subspace spanned by all cyclic symmetrizations of monomials
(the constants are not in the cyclic subspace).
Theorem 1 Let P 1 , . . . , P n ∈ K n . The following conditions are equivalent:
Proof. It is easily seen that it suffices to prove the theorem for homogeneous P 1 , . . . , P n of the same degree, i.e. we may assume NP j = sP j (1 ≤ j ≤ n) for some s ≥ 0. Also the case of constants being obvious we will concentrate on s ≥ 1.
(
[X j , δ j P ] = 0 it suffices to do so when P is a monomial
(ii) ⇒ (iii) Let
The coefficient of
. On the other hand, if c i 0 ...is denotes the coefficient of
i.e. cyclicity. 
(iv) ⇒ (i) Since the P j are homogeneous of the same degree and the field characteristic is zero, this is obvious.
There is also a simple description of the noncommutative polynomials with vanishing cyclic gradient.
Theorem 2 We have
Also, since 1 ∈ Ker C and [X i 1 . . . X ir , X i r+1 . . . X i r+s ] is the difference of two cyclic permu-
To see that Ker C ⊂ 1≤k≤n [X k , K n ] + C1, remark that Ker C is spanned by homogeneous elements and that Cp = 0, where p is homogeneous of degree m iff p is a linear combination of differences
and the cyclically equivalent elements X k X i 1 . . . X is , X i 1 . . . X is X i k have the same cyclic gradient.
Putting together the two theorems, we have an exact sequence
Remark. The motivation for this note is from free entropy and large deviations for random matrices. Let (M, τ ) be a von Neumann algebra with normal faithful trace-state τ and X k = X * k ∈ M (1 ≤ k ≤ n) which are algebraically free.
Let J k = J (X k : C X 1 , . . . , X k−1 , X k+1 , . . . , X n ) be the noncommutative Hilbert transforms defined in [4] , in connection with free entropy. On the other hand, the upper bound for large deviations for n-tuples of random matrices found in [2] fits well with free entropy except for a term involving cyclic gradients and about which it is not known whether it is not actually zero. The precise question is, whether the n-tuple (J k ) 1≤k≤n (when it exists) is a limit in 2-norm of cyclic gradients of polynomials in the noncommuting variables X 1 , . . . , X n ? The theorem we proved here provides a partial affirmative answer:
If (J k ) 1≤k≤n are noncommutative polynomials in X 1 , . . . , X n , then there is a noncommutative polynomial P in X 1 , . . . , X n such that J k = δ k P (1 ≤ k ≤ n).
Indeed, by Corollary 5.12 in [5] we have 
